We extend to soluble FC *
Introduction
A group in which normality is a transitive relation is called a T-group. In their seminal papers, G. Zacher [22] (1952) and W. Gaschütz [7] (1957) described the structure of finite soluble T-groups. Later, many authors studied finite groups in which normality is transitive, and more characterisations were obtained (see for instance [1, 2, 3, 9, 10, 14] ) in terms of properties of subgroups. It turns out that every finite soluble T-group is aT-group (that is, a group in which every subgroup is a T-group). The description of infinite soluble groups in which normality is a transitive relation is more complex (see [15] ), and examples of infinite soluble T-groups that are notT-groups can be constructed.
Following Kaplan [10] , we say that G has the NNM property (nonnormal maximal)-in short: G is an NNM-group-if each nonnormal subgroup of G is contained in a nonnormal maximal subgroup of G. He obtained the following characterisation of finite soluble T-groups. (1) G is a soluble T-group.
(2) All subgroups of G are NNM-groups.
In the same paper, Kaplan gives another characterisation of finite soluble T-groups. Following [10] , for every subgroup H of G, we denote by Λ G (H) the intersection of G and all maximal subgroups of G containing H, if there are any. Theorem 2] ). Let G be a finite soluble group. The following statements are equivalent:
The aim of this article is to extend the above results to some classes of generalised FC-groups. Recall that an FC-group is a group in which every element has finitely many conjugates.
Let n be a nonnegative integer. The class FC n is defined recursively as follows: FC 0 is the class of all finite groups G, and a group G belongs to the class FC n+1 if the factor group G/C G ( x G ) belongs to FC n for every element x of G. We define the class FC * of all FC * -groups in the following way:
Clearly FC 1 -groups are just the FC-groups, and for each nonnegative integer n, the class FC n contains all finite groups and all nilpotent groups of class at most n. Moreover, we remark that the class of all FC * -groups is contained in the class of all FC-nilpotent groups [4, Theorem 3.2] . It can be seen that many of the properties common to finite and nilpotent groups also hold for FC * -groups. The theory of FC * -groups has been developed since their first appearance in [4] (see [8, 18, 19, 21] ). Some characterisations of soluble FC * -groups in which normality is a transitive relation have been recently obtained (see [11, Theorem 5.2] ); moreover, a weak form of transitivity of normality has been recently studied in the universe of all FC * -groups (see [20, Theorem 4.2] ).
In this paper we will extend the quoted results obtained by Kaplan to the class of FC * -groups (see Theorems 2.4 and 2.5), obtaining new characterisations of soluble T-groups. Finally, an example is given to show that our characterisations do not hold either for FC-nilpotent or for hyperfinite groups.
Most of the notation is standard and can for instance be found in [16] . As a general reference for FC * -groups we cite [4] .
Statements and proofs of the results
The following lemma describes two properties of subnormal subgroups of an FC * -group that will be useful in the sequel.
Lemma 2.1. Let G be an FC * -group, and L be a subnormal subgroup of G.
Proof. By hypothesis G is an FC n -group for a non negative integer n.
(1). By [4, Theorem 3.2 and Corollary 3.3], the n + 1-st term γ n+1 (G) of the lower central series of G is a torsion subgroup of the FC-centre of G:
Thus we may consider a transfinite G-invariant chain
with finite factors such that N α+1 /N α is a minimal normal subgroup of 
is a maximal subgroup of the nilpotent factor G/γ n+1 (G), so that M is normal in G, and again L G ≤ M . This completes the proof of (1). In order to prove (2), we will slightly modify the arguments used in [10, Lemma 2.1(ii)]. In fact, if L is not contained in any maximal subgroup of G, then Λ G (L) = G, and the assertion is proved. On the other hand, if M is a maximal subgroup of G containing L, then it also contains L G by (i). It follows that
The next result extends the [10, Proposition 3] to the class of all FC * -groups. Proposition 2.2. Let G be an FC * -group such that for every nonnormal subgroup H of G, Λ G (H) is not normal in G. Then:
(1) G is a T-group.
(2) G is an NNM-group.
(
. Let H be a nonnormal subgroup of G. By assumption Λ G (H) is not normal in G. In particular Λ G (H) = G, and hence H is contained in some maximal subgroup of G. Thus
and there exists a maximal subgroup of G containing H which is not normal in G. We have proved that G is an NNM-group.
In order to prove the extension of Theorems 1.1 and 1.2, we need a characterisation of FC * -groups in which normality is a transitive relation in terms of pronormal subgroups.
Recall that a subgroup H of a group G is said to be pronormal if for every element x ∈ G the subgroups H and H x are conjugate in H, H x , or, equivalently, there exists an element y ∈ [H, x] ≤ H[H, x] ≤ H, H x such that H y = H x . It is well known that for finite groups, as well as for FC-groups, the propertyT is equivalent to requiring all subgroups to be pronormal (see [14] and [5, Theorem 3.9] ). This is not true in general: an example due to Kovács, Neumann and de Vries [12] shows that there exists a soluble periodicT-group G whose Sylow 2-subgroups are not pronormal. Moreover an example of Kuzennyi and Subbotin [13] shows that there are periodic metabelian groups whose primary subgroups are pronormal, and containing nonpronormal subgroups. Thus there are groups whose cyclic subgroups are pronormal, and containing nonpronormal subgroups. Nevertheless, for FC * -groups we have the following characterisation. Theorem 2.3. Let G be an FC * -group. Then the following conditions are equivalent:
(1) G is a soluble T-group.
(2) Every subgroup of G is pronormal. When these conditions hold, G is a metabelianT-group and an FC-group.
Proof. It is clear that (2) implies (3). Assume that G satisfies (3), then
G is aT-group by [6, Lemma 3.2] . Thus G is a T-group. It follows by [4, Theorem 4.6 ] (see also [19, Theorem 3.3] ) that G is an FC-group. Then each of the conditions (1), (2) and (3) implies that G is an FC-group. By [5, Theorem 3.9] , the conditions (1), (2) and (3) are equivalent.
Assume now that G satisfies one of the conditions (1), (2) or (3) (and hence, all of them). By [15, Theorem 2.3.1], G is metabelian.
We are now in position to prove an extension of Theorem 2 and Theorem 1 of [10] to the class of all FC * -groups. Proof. The condition is sufficient from Proposition 2.2.
Conversely, assume that G is a soluble T-group. By Theorem 2.3, every subgroup of G is pronormal, so that G is a periodic group of the 'KuzennyiSubbotin'-type (see [17, Theorem E] or [13] ). Thus:
(1) G = B A, where A is abelian and B a Dedekind group. 
Here, for a periodic group X, π(X) denotes the set of the primes dividing the orders of the elements of X. Let H < G, then H = H 1 A 1 , where A 1 = A ∩ H and H 1 is a Sylow π(B)-subgroup of H. By the condition (4), H 1 is contained in a complement B of A in G, that is also a Dedekind group. Suppose that H is not normal in G. Then H/A 1 is not normal in G/A 1 , so that we can consider an element h ∈ H 1 such that H/A 1 ≤ N G/A 1 ( hA 1 ) < G/A 1 . By Theorem 2.3, G/A 1 is an FC-group, and it follows that the index |G/A 1 : C G/A 1 ( hA 1 )| is finite. Consequently N G/A ( hA 1 ) has finite index in G/A 1 , and hence there exists a maximal subgroup M/A 1 of G/A 1 containing N G/A 1 ( hA 1 ). On the other hand hA 1 is subnormal in N G/A 1 (H/A 1 ), and by hypothesis
Since H is pronormal in G, the factor H/A 1 is pronormal in G/A 1 , and an application of an elementary property of pronormal subgroups (see for example [6, Theorem 2.2]) shows that
Theorem 2.5. Let G be an FC * -group. The following statements are equivalent:
(2) All the subgroups of G are NNM-groups.
Proof. Assume that G is a soluble T-group. By Theorem 2.3, every subgroup H of G is a soluble T-group. It follows by Theorem 2.4 that if S is a nonnormal subgroup of H, then Λ H (S) is not normal in H. An application of Proposition 2.2 yields that H is an NNM-group.
Assume now that all the subgroups of G are NNM-groups. Note first that G is an FC n -group for some non negative integer n, so that for every finitely generated subgroup X of G, the factor X/Z n (X) is finite and hence X is polycyclic-by-finite, by [4, Proposition 3.6] . Consider now a finite homomorphic image X φ of X. By hypothesis, every subgroup of X φ is an NNM-group, and hence X φ is a soluble T-group by [10, Theorem 1] . It follows that for every subgroup L of X, the subgroup L φ is pronormal in X φ for every finite homomorphic image X φ of X. An application of [5, Theorem 2.8] gives that L is a pronormal subgroup of X. As L is an arbitrarily chosen subgroup of X, we have that X is a soluble T-group, by Theorem 2.3. On the other hand since the transitivity of normality is a local property (see [15, Corollary 2]), we conclude that G is likewise a soluble T-group.
The following example shows that Theorems 2.4 and 2.5 do not hold either for FC-nilpotent groups or for hyperfinite groups. Example 2.6. Let p be an odd prime, and let G = x Z p ∞ , where the element x acts as the inversion over Z p ∞ . Clearly G is a soluble T-group. Suppose now that M is a maximal subgroup of G containing the nonnormal subgroup x . Then
and thus the subgroup Z p ∞ ∩ M is one of the finite subgroups of Z p ∞ , 1 < H 1 < · · · < H n < · · · < Z p ∞ , H n say. This yields a contradiction, as M < x H n+1 < G.
We have showed that x is not contained in any maximal subgroup of G. Therefore G is not an NNM-group. Moreover Λ G ( x ) = G, which is a normal subgroup of G, so that the set of all nonnormal subgroups of G is not Λ-invariant.
Note also that Z p ∞ is contained in the FC-centre of G, and so G is FC-nilpotent. 
